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ABSTRACT
A nonlinear structure will often respond periodically when it is excited with a sinusoidal force. Several methods are available
that can compute the periodic response for various drive frequencies, which is analogous to the frequency response function
for a linear system. The simplest approach would be to compute a sequence of simulations where the equations of motion are
integrated until damping drives the system to steady state, but that approach suffers from a number of drawbacks. Recently,
numerical methods have been proposed that use a solution branch continuation technique to find the free response of
unforced, undamped nonlinear systems for different values of a control parameter. These are attractive because they are built
around broadly applicable time-integration routines, so they are applicable to a wide range of systems. However, the
continuation approach is not typically used to calculate the periodic response of a structural dynamic system to a harmonic
force. This work adapts the numerical continuation approach to find the periodic, forced steady-state response of a
nonlinear system. The method uses an adaptive procedure with a prediction step and a mode switching correction step based
on Newton-Raphson methods. Once a branch of solutions has been computed, it explains how a full spectrum of harmonic
forcing conditions affect the dynamic response of the nonlinear system. The approach is developed and applied to calculate
nonlinear frequency response curves for a Duffing oscillator and a low order nonlinear cantilever beam.
1.

Introduction

Many engineering structures exhibit nonlinear behavior. Some common examples include: shock absorbers in automotive
suspension systems, bolted joints in aerospace structures and nonlinear elastic tissues in biomechanical systems.
Nonlinearities can be due to geometric effects such as buckling, nonlinear constitutive relationships in materials, or
dissipative effects such as the damping due to mechanical joints. The nonlinearities greatly affect the dynamic response of a
structure and can lead to resonance phenomena that are not predicted by linear theory. One needs to accurately characterize
the nonlinear dynamic response to accurately predict the structure’s response and avoid structural failure.
Many nonlinear systems are operated under the presence of harmonic forcing that induces a periodic response. Some
common examples of harmonically forced nonlinear systems include rotor systems with bearing nonlinearities [1-3],
turbomachinery [4, 5], wind turbines [6], and nonlinear electrical circuits [7-9]. The response of the human musculoskeletal
system is also highly nonlinear [10-13], and researchers often study neural network control systems as a form of oscillatory
control force [14-17]. Even if a system does not naturally operate periodically under harmonic forcing, it is typical to
perform experimental vibration testing using harmonic forcing (i.e. sine sweep testing) to better understand its behavior.
Whenever a nonlinear system is harmonically forced, the specific forcing configuration can greatly affect the response of the
system. For example, a nonlinear system that is excited with a sinusoid may respond harmonically at a number of

frequencies, and the dominant frequency could be different from the forcing frequency. In another case, there may be several
possible periodic solutions (stable or unstable) for a single forcing function. For certain forcing configurations, the response
of a highly nonlinear system may be approximately linear, while a weakly nonlinear system may exhibit strong nonlinearity.
In order to fully understand the dynamics of a nonlinear structure, especially one that will be harmonically forced, it is
important to predict and characterize the periodic responses that are produced by each forcing configuration.
Many techniques have been developed to calculate the periodic solutions of nonlinear systems, and those techniques usually
take one of two basic approaches. The first approach is to approximate the analytical solution to the differential equations.
The harmonic balance technique, which is similar to what is done for linear forced oscillations, is a popular approach where
one assumes a harmonic series for the solution and usually truncates the series after one harmonic term [18, 19]. This
approximate method tends to exhibit large error when the response contains strong higher harmonics; so additional terms can
be included in the series, but this makes the mathematical formulation more difficult. The method of multiple scales and the
method of averaging are commonly used perturbation techniques where one attempts to find an asymptotic linearization of
the nonlinear solution, again using an approximating functional form for an analytical solution. A number of applications of
these methods can be found in the following works [18, 20, 21]. All of these methods can provide accurate solutions in
certain situations, but they can be difficult to implement for higher order systems that are strongly coupled, they are not
straightforward to automate for a large range of forcing configurations, and they involve approximations so considerable
expertise may be needed to be sure that those approximations are warranted. The second approach to calculating periodic
solutions for nonlinear systems employs numerical methods. Essentially, one deals with the exact nonlinear equations for a
system and uses direct time integration to search for the solution. This direct approach is powerful because closed form
equations of motion are not required. If a system is damped then one can always calculate the periodic orbit conditions by
integrating the equations of motion from a given set of initial conditions for a long enough time that the system settles into a
steady periodic orbit. Typically, an adaptive time step control, fourth-order Runge-Kutta method [22, 23] or Newmark
method [24] is used for time integration of structural dynamics systems. Although this approach is straightforward, it can be
computationally expensive, and methods have been developed over the years to streamline such calculations. In fact,
methods that find the periodic solutions of general differential equations are somewhat mature [25]. Two typical approaches
are to evaluate and update a cost function with optimization [26, 27] or to solve a boundary value problem using a NewtonRaphson correction method [25]. The latter approach is widely used because the Newton-Raphson method converges
quadratically. These approaches are usually started with an initial guess, which is subsequently corrected to satisfy
convergence criteria, and this overall procedure is generally termed a shooting method. A parameter of interest can then be
varied and the shooting method applied multiple times to compute a branch of solutions, and this is termed a continuation
method. A general overview of shooting and continuation techniques is provided in [28].
Generally speaking, the methods for forced continuation can be categorized as corrector techniques, predictor-corrector
techniques, or adaptive predictor-corrector techniques. Correction techniques use the general shooting technique to calculate
solutions. Continuation is commonly performed with these methods by incrementing the forcing frequency (perhaps
sequentially), using the previous solution as the initial conditions for the shooting method calculation of the solution. This
procedure is improved by using a predictor-corrector algorithm, where each solution is used to calculate a prediction for the
next solution on the curve. A prediction can be made for both the new forcing frequency and the new periodic response
values. Then, the prediction is used as the initial guess for some form of shooting method that calculates the actual solution,
and the convergence is usually much faster than without a prediction. Predictions can be made with a number of different
geometric calculations, for example by calculating the tangent to the branch of solutions. More advanced methods will use
an adaptive predictor-corrector algorithm, where the number of convergence calculations are recorded and used to adapt the
prediction increment size between successive solutions, which further improves the efficiency of the calculations. A few well
developed packages exist that use various forms of adaptive predictor-corrector methods for nonlinear system calculations.
AUTO [29] is a code that is available for download. It has many sophisticated computational methods for nonlinear systems,
but it does not contain a straightforward algorithm for calculating the periodic solutions of harmonically forced nonlinear
systems. MATCONT [30] is another well developed package. It can be run in MATLAB and has a graphical user interface,
but it is more suited towards calculating periodic solutions of autonomous systems. These codes are freely available for use
but are not suited for all problems, so many researchers are still developing their own algorithms. A few of these use a
simple corrector approach. In [31], a shooting method was applied to find periodic solutions of autonomous nonlinear
systems. A single initial guess was used to calculate an entire branch of solutions for one parameter of interest, as opposed to
performing some form of continuation from one solution to the next. In [23], a continuation method was used to calculate the
forced-response periodic displacements of the center of a low-order model of a beam with clamped ends. A secant predictor
step was used to vary the forcing frequency, but no predictions were calculated for the response solutions. The method
showed promising results, but the algorithm could not follow sharp turns of the periodic solution branch. In [32], the
harmonic balance method was used to calculate the periodic solutions of a reduced order torsional subsystem. Then, an

adaptive predictor continuation algorithm was used to find additional solutions as the operating frequency was varied. This
method produced very detailed periodic solution curves but still requires one to use the approximations required by the
harmonic balance method. If too few terms are used in the expansion then the algorithm may not predict important nonlinear
features, as noted in [32]. A form of predictor-corrector continuation was also used in [22, 33-35]. They incremented the
forcing frequency sequentially and then calculated a prediction for only the state vector with a first order Euler expansion
from the previous solution. The algorithm provides quite robust performance. For example, in regions where a periodic
solution branch has a turning point (i.e. a multiple solutions region), the algorithm included a re-parameterization of the
solution curve in order to follow the turning point. The algorithm was applied to a few low order systems and showed
promising results. More recently, a similar form of predictor-corrector continuation was presented in [24]. This method
employs a pseudo-arc length continuation procedure that has a tangent predictor step and orthogonal corrector steps.
Furthermore, the algorithm automatically controls the step size and exploits symmetry in the response to increase
computational efficiency. So far, the authors of this method have computed the periodic solutions of a number of unforced,
undamped nonlinear systems of high complexity and high order [24, 36-42] with exceptional detail. However, they have not
extended their methods to the calculations of periodic solution branches of harmonically forced nonlinear systems.
The goal of this work is to create a continuation method for efficiently calculating the periodic solutions of harmonically
forced nonlinear systems. This work will utilize techniques primarily from [24] in order to do this. A Newton-Raphson
correction technique will be used to calculate the first solution from an initial guess that the user must supply. In order to
calculate the subsequent solutions, an adaptive predictor step is used with a mode-switching correction step that employs two
additional Newton-Raphson correction methods. The forcing frequency is the parameter that is varied. The most important
difference of this work from the previous methods is that the prediction calculation and the Newton-Raphson correction
methods includes extra terms that quantify how the periodic orbit varies as the forcing frequency is varied. Additionally, the
forced periodic orbit is uniquely determined by the phase of the forcing, so the periodic orbits are calculated with respect to
zero phase on the force, and since the frequency of the forcing is varied, the equations of motion change with each periodic
orbit calculation; this is accounted for by the proposed method. The procedure of the proposed continuation method will first
be outlined. Then, the shooting method and the Newton-Raphson correction method will be reviewed, and the necessary
changes of those procedures due to the harmonic forcing will be derived. The continuation procedure will then be explained
in detail. In Sections 3 and 4, the algorithm will be applied to calculate the periodic solutions of one and two degree of
freedom systems, respectively. The results will be used to better understand the nonlinear systems, and discussion will be
provided regarding the performance of the algorithm. Conclusions will be provided in Section 5.
2.

Theory

A nonlinear system with input u(t) can be described by the following state space differential equation
z  f  z (t ), u (t ) 

(1)

where z   n is the time dependent state vector, u   p is a time dependent input vector, and t is the time variable. For
T
structural dynamic systems the state variable z is the vector valued function of time z   x T x T  composed of the N
displacement degrees of freedom (DOF) x   N and the N time derivatives of the displacement DOF, x , where n=2*N. The
superscript ‘T’ denotes the matrix transpose operator. It is assumed that f is a C1 (at least one-time continuously
n

differentiable) nonlinear function defined on an open subset of  that contains all the possible positions and velocities of
the system of interest. For a specific input, the vector field f generates the flow Zt   n that contains families of solution
curves of the differential equation [43]. A single solution curve is defined by its initial state vector z0 and input vector u0 and
by tracing the flow Zt(z0) for a finite time.
This work considers systems with harmonic forcing so u (t  T )  u (t ) and hence z  f  z , T  , where the dependence of the
system on the fundamental period T is explicitly shown. Under these conditions and when the system reaches steady state, it
is assumed that the flow contains at least one periodic orbit  with period T, and z (t  T )  z (t ) for any state z   . (From
here forward, the overbar will be dropped from the state vectors when talking about states from a periodic orbit in order to
simplify the notation.) Depending on the configuration of the system and its parameters, including the forcing frequency and
amplitude, the flow may contain multiple periodic orbits [43, 44]. Tracking the periodic orbits in a nonlinear system can be
difficult because a small change in the parameters of the system, such as the forcing frequency, may drastically change the
dynamics of the flow. For example, a stiffening system has a frequency response peak that bends to higher frequencies, and

the response can jump from a high amplitude response to a very low amplitude response as the frequency is increased beyond
the critical value. In order to characterize all of the periodic orbits that exist in the flow of the differential equation, one must
calculate each pairing of initial state vector and period (z0, T) of the orbits.
This work presents a continuation method that is used to calculate many of the periodic orbits of the differential equation,
thereby producing a frequency response function. The general procedure is outlined below and shows the different steps of
the algorithm.
1. Provide a starting guess: (z0,(0),T(0))
o The method begins after the user supplies (z0,(0), T(0)) where the subscript zero in parentheses designates that these
conditions are the starting initial conditions.
2. Calculate a starting solution: (z0,(1),T(1))
o The proposed continuation method must be started from an actual periodic orbit of the system. To calculate this first
solution, a Newton-Raphson correction method (NRCM 1), which accounts for changes in both the state vector z0
and the period T, can be employed to calculated the first periodic orbit solution (z0,(1),T(1)).
3. Initiate the predictor-corrector procedure to calculate a branch of solutions: (z0,(j),T(j)), j=1,2,3,4,…
a. Prediction Step: (z0,pr,(j+1),Tpr(j+1))
o The current solution is used to calculate a prediction (z0,pr,(j+1), Tpr(j+1)) for the initial conditions of the next
periodic solution. The prediction is then corrected to find a true solution near the predicted one.
(k )
(k )
b. Correction Step: ( z0,(
j 1) , T( j 1) ) , k =1,2,3,…
o

(0)
(0)
The prediction step is used as the initial guess, ( z0,(
j 1) , T( j 1) ) , for the second Newton-Raphson procedure.

The second Newton-Raphson correction method (NRCM 2) includes all the equations from NRCM 1, but it
has an additional equation that constrains the corrections to be orthogonal to the prediction. NRCM 2 is
(k )
(k )
th
used to calculate corrections to the initial conditions, ( z0,(
j 1) , T( j 1) ) , until the (j+1) periodic solution is
o
o

obtained.
If a solution is obtained: After each (j+1)th solution is calculated, Step 3 is repeated.
If a solution is not obtained: If the convergence criteria are not met within some pre-set number of
iterations:
1. The procedure calculates a new prediction, (z0,pr,(j+1),Tpr(j+1)), using a smaller step and the correction
portion of Step 3 is restarted.
2. The procedure switches to a third form of the Newton-Raphson correction method (NRCM 3).
This form accounts for changes in the state vector z0 only, so that the period is held fixed (i.e.
T=0), and there are no geometric constraints placed on the corrections. The prediction initial
condition is used for an initial guess, and the NRCM 3 is used to calculate the periodic solution.
When the solution is calculated, Step 3 above is repeated.

The details of this procedure will be provided below, but first the general Newton-Raphson correction method is derived.
Some parts follow the derivation from [24], but there are several differences that arise due to the forcing, which causes the
function f in Eq. (1) to depend explicitly on time, t, and on the period, T, of the forcing frequency.
2.1

Shooting Function

The proposed method is an iterative process that seeks to find the periodic solutions of a system for different forcing
frequencies. The shooting function is created to quantify whether a certain set of initial conditions, (z0, T) produce a periodic
response. First, the forcing frequency is set to =2/T and Eq. (1) is integrated over the interval (0, T) from an initial state
vector z0. Then, the shooting function H   n is defined as
H  z0 , t , T   zT ( z0 , t , T )  z0

(2)

where zT=z(z0, t=T,T) is the state vector found by integrating with initial condition z0 until t=T. This equation represents a
two-point boundary value problem for the periodic orbit of the system where the forcing has zero phase at t=0 and t=T. Eq.
(2) will be satisfied when H  z0 , T   0 . In practical numerical computation, the shooting function will be satisfied when
H ( z0 , T )  0 for some chosen convergence criterion. In this work, the convergence criterion defined in [24] is used

H  z0 , T 
z0



zT  z0
z0



(3)

where  =1e-6 is the convergence value. Each time the equations of motion are integrated over the assumed period, the
shooting function is subsequently calculated and the convergence is evaluated.
2.2

Newton-Raphson Correction Methods

When the given calculation of the shooting function does not satisfy the convergence criterion, a Newton-Raphson [25]
method is used to calculate updates z0 and T to the initial conditions. Following the approach used in [24], the shooting
function can be expanded in a Taylor series about  z0  z0 , T  T  ,





H z0 , t  T , T 

H
H
z 0 
T  0 ,
z0 z ,T
T  z ,T 
0
0 

(4)

where only the linear terms have been retained. The partial derivatives in the Taylor expansion must be carefully calculated.
The first partial derivative,  H z0    nxn , has the same form as in [24], and can be expanded as
z ( z0 , t , T )
H

 I 
z0  z ,T 
z0
t

T
0

(5)

where [I] is the nxn identity matrix. The time varying Jacobian matrix  z z0    nxn , which is the variation of the state
vector at time t due to a small change in the initial conditions, can be calculated using one of two methods described in detail
in [24]. The first method, which uses a finite differences approach, can be used even when the equations of motion are not
available in closed form, but it is more computationally expensive so it is not used in this work. The second approach is to
form the following system of time varying differential equations by differentiating Eq. (1) with respect to z0, switching the
order of differentiation on the left hand side, and applying the chain rule on the right hand side.
  z ( z0 , t , T ) 
d  z ( z0 , t , T )   f ( z , t , T )




dt 
z0
z
z0
z  z (t )  
 


(6)

In this equation, the Jacobian matrix  f z    nxn is simply the linearization of f about the state z(t) for each time instant t
in the interval (0, T). Since, the state response was calculated on the interval (0, T) in order to evaluate the shooting function,
it can be easily stored in order to integrate the system of Eq. (6) from initial conditions  z ( z0 , t  0, T ) z0    I  . The
solution matrix  z z0  can then be evaluated at t = T and used to calculate  H z0  .
The vector H T    n in Eq. (4) differs from the result presented in [24], since the function f depends explicitly on t and

T. This partial derivative can be expanded using the chain rule as
H H

T
t


t T

H
T

(7)
t T

where the first term represents the change in the shooting function due to a change in the instant that is taken to be the end of
the period and can be calculated from Eq. (1) as in [24].
H
t

t T

 f ( zT , t  T , T )

(8)

The second term in Eq. (7) was not present in [24], but arises here due to the forcing since f ( z , t , T ) has explicit dependence
on the period of the forcing, T. The term represents the change in the shooting function due to a change in the period of the
input.

H
T


t T

z ( z0 , t , T )
T
t T

(9)

Note that the second term of the shooting function does not appear in either of these expressions because z0 T   {0} .
Using the same approach that was used to derive Eq. (6), one can derive the following system of time varying differential
equations that can be solved to calculate z T  .
  z ( z0 , t , T )  f
d  z ( z0 , t , T )   f ( z , t , T )





T
z
T
dt 
 
 T
z  z (t )  

(10)

The term f T    n has arisen because f ( z , t , T ) and z ( z0 , t , T ) both have explicit dependence on the period of the
forcing, T. Hence, this second set of differential equations must be integrated from initial conditions
z ( z0 , t  T , T ) T   f ( zT , t  T , T ) over the interval (0,T) in order to compute z ( z0 , t , T ) T  .
After calculating partial derivatives in Eq. (4), an algebraic system of equations can be formed to solve for an update (z0,
T) to the initial conditions. These partial derivatives are used in slightly different ways at different steps in the continuation
algorithm, as explained below.
2.3

Continuation Procedure

2.3.1
Provide a starting guess: (z0,(0),T(0))
In order to start the continuation procedure, the user must supply a starting guess. A good starting point guess (z0,(0),T(0))
consists of a low frequency (i.e. a long period) solution for the underlying linear system (i.e. for T(0) the underlying linear
system can be solved for the periodic conditions z0,(0)). This is often called a Homotopy approach [18, 25].
2.3.2

Calculate a starting solution: (z0,(1),T(1))

The starting guess is used to calculate a set of initial conditions (z0, T) that lead to a shooting function, H  z0 , T  , that
satisfies convergence. To calculate the starting solution, the system is integrated from the starting guess, the shooting
function is calculated, and the convergence is evaluated. If the initial guess does not satisfy convergence, then the partial
derivatives are calculated and the following system is formed to calculate corrections to both the state vector z0 and the
period T. This system is the NRCM 1 mentioned above.

 H
 z
 0  z0 ,T 


H
 z0    H ( z0 , t  T , T ) 
0
T  z ,T    T  

0


(11)

The right hand side vector contains the vector value of the shooting equation. The new initial conditions are (z0,(1)= z0,(1)+z0,
T(1)= T(0)+ T). Since the period has been updated the harmonic forcing frequency must also be updated in the equations of
motion (i.e. update=2/( T(1)) such that u=u(updatet). Then, these new conditions are used to integrate the equations of
motion and check the shooting function for convergence. One then repeats this two stage process until the desired
convergence is achieved at which point the first periodic orbit solution (z0,(1),T(1)) has been calculated. The Newton-Raphson
corrector method is a local technique, so the starting guess, (z0,(0),T(0)), must be close to the actual solution or the correction
scheme will diverge. The first periodic orbit solution and the Jacobian matrices that were used to produce it can be used to
initiate the next step.

2.3.3

Initiate the predictor-corrector procedure to calculate a branch of solutions: (z0,(j),T(j)), j=1,2,3,4,…

In order to calculate an entire branch of solutions, an adaptive pseudo arc-length continuation [28] method is employed that
uses a prediction step which is followed by a correction step. Predictor-corrector methods can follow complex solution
braches because the prediction step follows the direction in which the branch of solutions actually evolves. The prediction
step, which is calculated using information from the current periodic solution, is used to calculate new initial conditions for
the next periodic orbit. The prediction step can be further adapted to evaluate the convergence of the previous correction
steps and adjust the step size accordingly. After the prediction step, the shooting method is employed, but now with a new
Newton-Raphson correction method that varies the state vector and the forcing frequency in a constrained direction.
2.3.3.1 Prediction Step: (z0,pr,(j+1),Tpr,(j+1))
The basic process is to use the previous periodic orbit solution, which is denoted as the jth solution, to calculate a tangent
predictor step for the (j+1)th periodic orbit conditions, including a prediction for the initial state vector and the forcing period.
The prediction  P   n 1 , which has components  Pz    n and PT   corresponding to the states and period respectively,
is the tangent vector to the solution branch and can be calculated with the following system of equations.

 H
 z0 

 z0,( j ) ,T( j ) 




P    P
( j)

T
z ,( j )


H
 P  0
 ( j)  0 
T  z ,T  
 

 0,( j ) ( j )  

PT ,( j ) 

(12)

T

The components of the left hand side matrix come from the Taylor series expansion of the shooting function, and were
previously defined. They characterize the vector space that is normal to the periodic solution curve, and once they are found,
the desired tangent vector  P in Eq. (12) is simply the vector that is in the null space of the matrix on the left in Eq. (12).
Once the tangent vector {P} has been calculated it can be normalized to unit length, and the predictions for the next periodic
solution can be calculated with
z0, pr ,( j 1)  z0( j )  s( j ) Pz ,( j )

(13)

Tpr ,( j 1)  T( j )  s( j ) PT ,( j )

(14)

 pr ,( j 1)  2 Tpr ,( j 1)

(15)

where z0,pr,(j+1) and Tpr,(j+1) are the prediction initial conditions for the (j+1)th solution and s(j) is the jth step size. One must be
sure to again update the differential equations so that the external forcing reflects the change in frequency (i.e. u=u(pr,(j+1)t)).
The step size is critical to the success and efficiency of the computation. One can fix the step size to a very small value and
ensure that very small increments are made between successive solutions, but this can be impractical because computation
times may be long. A better approach is to provide an automated step size control algorithm. In this work, the step size
control algorithm from [24] is employed. The first step size is provided by the user, while all subsequent step sizes are
determined by the following equation



s ( j )  sign s( j 1)  P( j ) 

T

P   KK
( j 1)



*



( j 1)


 s( j 1)


(16)

where K(j-1) is the integer number of iterates that were required to update the previous shooting function solution and K* is an
optimal number of shooting iterates which is supplied by the user. The signum function sign() , ensures that the step used to
calculate the predictions follows the solution curve in the same direction. Furthermore, it is helpful to place maximum and
minimum bounds on the step size. When the step size is increased beyond these bounds, it can be automatically reduced
below the maximum or increased above the minimum.

(k )
(k )
2.3.3.2 Correction Step: ( z0,(
j 1) , T( j 1) ) , k =1,2,3,…

As discussed in [24], the Newton-Raphson updates to the shooting functions can be made more efficient by forcing the
corrections to be orthogonal to the tangent predictor vector. Therefore, at this point in the algorithm the correction steps are
calculated with the following algebraic system, which is the NRCM 2 mentioned previously,
 H

( k ) ,T ( k ) 
 z0  z0,(
j 1) ( j 1) 


T

Pz ,( j )









H
 H z ( k ) , T ( k )
0,( j 1) ( j 1)
  z ( k )  
(
k
)
(
k
)
T  z
,T( j 1)    0,( j 1)  

0,(
j
1)
0


 
 T ( k )  
0
  ( j 1)  
PT ,( j )









(17)

where all the components have been previously defined. The solution to this equation provides the kth corrections
th
(k )
(k )
z0,(
j 1) and T( j 1) to the guess for the (j+1) solution. The algorithm then alternates between a shooting function
(k )
(k )
( k 1)
(k )
(k )
( k 1)
(k )
(k )
calculation H ( z0,(
j 1) , T( j 1) )  0 and a correction step calculation z0,( j 1)  z0,( j 1)  z0,( j 1) and T( j 1)  T( j 1)  T( j 1) ,

where k = 0,..,K(j+1). The integer K(j+1) is the number of correction iterations required to converge on the solution and k=0
(0)
(0)
corresponds to the predictions z0,(
j 1)  z0, pr ,( j 1) , T( j 1)  Tpr ,( j 1) . When one of the correction steps leads to a shooting
function that converges, then the periodic orbit solution is stored and a new prediction is calculated as the algorithm advances
to the (j+2)th step.
In some cases the correction steps may diverge (i.e. the norm of consecutive shooting function values may increase instead of
decreasing to zero), or they may converge very slowly. In order to account for these issues, the shooting function values can
be tracked to ensure that the norm of consecutive shooting functions are decreasing and the number of correction steps can be
bounded with Kmax. In this work, when either of these constraints is not met, the following two procedures are initiated in
order to try to find a solution. The default procedure is to calculate a new prediction using a smaller step size. In particular,
the step size is divide by two, s(j)=s(j)/2, Eqs. (13-15) are recalculated, and the correction step procedure is followed again.
Usually, for small enough step sizes, the predicted initial guess is close to the previous periodic solution, and the algorithm is
likely to converge on the new solution. However, the authors have found cases where this does not always lead to
convergence. Therefore, a minimum step size is defined that is on the order of the convergence value. When the minimum
step size is surpassed, the algorithm tries a second alternate procedure that uses the current prediction step initial conditions,
(z0,pr,(j+1),Tpr,(j+1)), which were just recalculated with the minimum step size. First, the predictions are used as the initial
(0)
conditions for the next solution (i.e. z0,(
j 1)  z0, pr ,( j 1) , T( j 1)  T pr ,( j 1) ), but the period is fixed such that there will be no
correction calculated (i.e. T((jk)1) =0). Then, a solution is calculated with the following NRCM 3 system


 H
 (k )
(k )
z0,( j 1)   H z0,(
j 1) , T( j 1) .
 z  ( k )


0

 z0,( j 1) ,T( j 1)  








(18)

(k )
where corrections are calculated only for the state vector z0,(
j 1) . Once convergence is obtained the solution is stored and

the predictor-corrector method returns to the prediction step above.
2.3.4

Discussion

The proposed algorithm is used to calculate an entire branch of solutions. The starting and stopping frequencies must be
input by the user. Additionally, the step size must be very carefully monitored and controlled (by maximum and minimum
step size bounds and by setting the appropriate values of K*). The algorithm typically converges and produces good results,
but sometimes the algorithm parameters do still need to be manually adjusted during the calculations to provide convergence
or at least efficient computation.
2.4

Computational Efficiency

Nonlinear systems are inherently sensitive to changes in the harmonic forcing, so other manual control techniques may also
be required to efficiently calculate frequency response functions. Harmonically forced nonlinear systems exhibit responses
similar to linear systems with resonance peaks near linear natural frequencies and low response bands between away from
resonance peaks. Therefore, the turning points are likely to be located near the linear natural frequencies. Away from those
frequencies, where the response is low and in general very flat, it may be more efficient to apply sequential continuation,
where the frequency band of interest is divided into a number of evenly spaced frequency values and a solution for each is
sought sequentially. When this is done, NRCM 3 can be used as a method to calculate the periodic solutions at each
frequency value in the interval. Because there are fewer calculations involved and hence less computation time required, the
sequential method may be more efficient for the regions away from resonance, but it fails near resonance where the response
amplitude can change dramatically with a small change in frequency. A very efficient algorithm is one that seamlessly
switches between different types of continuation depending on which type is currently the most efficient. One can quantify
the efficiency of the method being used by assessing the number of iterations it takes before a periodic solution is achieved
(i.e. if K(j) is consistently larger than K*, one might switch methods). These types of constraints were not included for this
work because the solution branches for the systems considered were calculated efficiently with the proposed method, but
such constraints can easily be added to the procedure.
2.5

Stability of Periodic Orbits

Using the proposed method, the stability of a periodic orbit can be calculated whenever convergence of a periodic solution is
achieved (this was also discussed in [24]). The matrix  z ( z0 , t  T , T ) z0  in Eq. (5) from the final Newton-Raphson
calculation (k=K(j+1)) is the Monodromy matrix [45] of the periodic orbit. (Recall that it was formed from a linearization of
the system about its periodic orbit and was calculated at t = T.) The stability of this periodic orbit can be determined from the
eigenvalues of this matrix. If the eigenvalues of the Monodromy matrix are inside (outside) the unit circle, then the orbit is
stable (unstable). So the stability of periodic solution is conveniently found without additional calculations when using this
method.
3.

Application to a Duffing Oscillator

Figure 1 illustrates a single degree of freedom Duffing oscillator, which will be used to illustrate the proposed algorithms.
The system has a discrete mass m with displacement degree of freedom x. The system mass is connected to a dashpot with
damping coefficient c and to a linear spring with spring stiffness k and a nonlinear spring with spring constant k3. External
forcing is applied with Fd.

Fd
x
m
k

c

k3

Fig. 1 Single degree of freedom oscillator with a nonlinear spring.
2

The nonlinear spring provides a quadratic nonlinear spring stiffness k3 x , so the equation of motion for the Duffing
oscillator is given by the following,
mx  cx  kx  k3 x3  Fd

(19)

which can be written as follows in the state space after first dividing through the entire equation by m and defining the
nondimensional parameters 2  c m ,  2  k m , 32  k3 m , and F  Fd m where  is the coefficient of critical
damping.
x

 x  
 

2
2 3
x  2 x   x  3 x  F 
 

(20)

The parameters used in this study are: =0.01, =1, and 3=0.5. The system is driven with the following harmonic forcing
function
F  t   A sin(t )

(21)

where A is the forcing amplitude and  is the circular driving frequency. The proposed continuation algorithm will be used
to calculate an entire branch of state solutions for a range of forcing frequencies between =0.1 and 10 rad/s and for three
different forcing amplitudes: A=0.01, 0.1, and 1. The starting guess for the algorithm was calculated from the underlying
linear system that was forced at =0.1 rad/s. The algorithm was then allowed to run in an automated fashion until the
solutions were found for a forcing frequency of at least of 10 rad/s. Since the linear natural frequency of this system is =1
rad/s, the largest responses are expected to occur within this frequency band.
Figure 2 shows the periodic solution curves, which are plotted versus forcing frequency, for forcing amplitude A=0.01. The
forcing frequencies in the all of the following plots are normalized by dividing by the linear natural frequency =1 rad/s so
that the abscissa values are reported as dimensionless values of /. The state displacement initial condition is plotted in (a),
and the state velocity initial condition is plotted in (b). When a displacement and velocity pair is chosen for a specific
frequency, these initial conditions and forcing frequency can be integrated for time T=2/ to provide the full trajectory of
the corresponding periodic orbit. In the figure, the solutions to stable periodic orbits are shown with solid lines (FCont
Stable) and the unstable periodic orbit solutions are shown with dashed lines (FCont Unstable). The stable periodic orbit
solutions were verified by using extended time integration (Ext Int), shown with open circles. The first extended integration
solution was also used as the initial guess for the continuation algorithm. For all of the subsequent solutions with extended
integration, the solution at the previous forcing frequency was used as an initial condition and the system was integrated until
it reached a steady state periodic orbit. The solution branch calculated with the continuation algorithm agrees very well with
the solutions calculated with extended integration. The distinct resonance peak in the displacement curve is similar to that of
a linear, single degree of freedom frequency response function, but it appears to bend slightly to the right. Moreover, the
solutions on the lower frequency arm of the peak are stable while some of the solutions on the higher frequency arm of the
peak are unstable. When the displacement peaks near /=1, the velocity magnitude becomes large and negative, but as the
frequency increases the velocity goes through a zero and then sharply becomes large and positive. The inset axes in (b)
shows a detail view of the sharp peak in the velocity curve. It reveals the unstable solutions in the velocity curve, which form
a loop turning point. For higher frequencies, the displacement and velocity decrease to very small positive values.
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Fig. 2 Initial conditions that result in periodic responses for A=0.01 plotted versus dimensionless forcing frequency

When the forcing amplitude is A=0.01, the response of the system is nearly linear. The displacement values in the figure are
very characteristic of a linear frequency response function, and the peak in the displacement bends only slightly towards
higher frequencies due to hardening [18]. However, as evinced in the figure, there is a small portion of the displacement
solution branch that is unstable and where multiple responses are possible for a single value of forcing frequency.
The same procedure was followed after increasing the forcing amplitude to A=0.1. The periodic solutions for displacement
and velocity initial conditions, 3(a) and 3(b), respectively, are plotted in Figure 3. Several periodic solutions that were
calculated with extended integration are also shown, marked by open circles, and similar to the first case the agreement is
very good. There is a sharp peak in the displacement versus frequency curve, which starts to increase in amplitude near
/=1. The maximum amplitude of this peak occurs near /=1.65. Unlike a linear response curve, this peak bends
strongly to higher frequencies. The lower frequency arm of the peak contains stable solutions, while the higher frequency
arm of the peak has unstable periodic solutions until the displacement amplitude reaches a low value again. The velocity
curve 3(b) has a large loop in it. The lower half of the loop contains the stable solutions that correspond to the lower
frequency arm of the displacement peak. When the displacement curve reaches its maximum value, the velocity goes
through zero and then enters the upper half of the loop, which contains the unstable solutions. There is a significant band
between /= 1.1 and 1.65 where multiple periodic solutions exist for single forcing frequencies, so the actual response
observed depends on the initial conditions and the system’s response might jump between those solutions if perturbed.
The inset in 3(a) provides a detailed view of the tip of the displacement versus frequency curve. In this expanded view the
stable orbits that were found with continuation are marked with dots and the unstable ones with open squares. Near the tip
the solutions that were found are very closely spaced, revealing that the continuation algorithm required small predictor steps
in this region. The turning point in the displacement peak is very sharp, yet the continuation algorithm calculates the turn
accurately by automatically reducing the step size between successive periodic solutions.
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Fig. 3 Initial conditions that result in periodic responses for A=0.1 plotted versus dimensionless forcing frequency

(b) State Velocity

(a) State Displacement

In the final case, a forcing with amplitude of A=1 is applied to the system and the results are shown in Figure 4, in the same
format as the previous cases. Solutions were calculated with extended integration and are shown again with the open circles,
although for frequencies above /= 1.35 only every tenth extended integration solution is plotted for clarity. The
displacement solution branch in 4(a) has a large sharp peak that bends significantly to higher frequencies over the range of
/=1.5 to 4.7. Here, the displacement solutions are plotted with a logarithmic scale for the ordinate because there lower
frequency and higher frequency arms of the large peak are very close to each other. The shape of the bent peak on a linear
scale has a very similar form to that in Figure 3(a). The higher frequency arm of the bent peak is plotted with a dashed line.
The velocity solution branch has a very similar shape to the velocity periodic solution curve of the previous forcing case.
The main difference is that the large loop reaches larger negative and positive values for the lower solid line and upper
dashed line, respectively. At low frequencies, the displacement shows several sharp peaks that have smaller magnitude than
the dominant peak in the curve. Figure 5 shows a detailed view of the displacement and velocity curves for a frequency band
of /=0.1 to 0.5. The displacement curve peaks near / = 0.1, 0.13, 0.16, 0.23, and 0.39, and the peak near 0.39 appears
to bend towards higher frequencies. As the displacement peaks near /=0.39, the velocity condition curve changes from
negative to positive and contains a small loop, which is very similar in shape the velocity initial condition curve of Figure
2(b). All of the periodic orbit solutions calculated with extended integration in Figures 4 and 5 agree very well with the
results produced with the continuation algorithm.
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Fig. 4 Initial conditions that result in periodic responses for A=1 plotted versus dimensionless forcing frequency
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Fig. 5 Expanded view of the region indicated with a box in Figure 4

When the forcing amplitude is A=1, the system exhibits strong nonlinearity. The displacement curve shows a very strong
spring hardening effect, so that multiple solutions exist for the frequencies from /=1.5 to 4.7. There are three periodic
orbits for most of this region. Two of these orbits are stable and correspond to low and high amplitude responses to the same
forcing function. The third orbit is unstable and similar to the higher amplitude branch. Because the unstable orbit is close to
the stable orbit, it is difficult to calculate either of the periodic orbits along these curves, especially with extended integration.
A very small frequency increment had to be used when the extended integration procedure, otherwise the system would tend
to settle to the very small amplitude branch. The continuation algorithm does not have this problem, and is able to calculate
both the stable and unstable branches in this region with great detail. The numerous superharmonic resonance peaks [18, 19]
are another consequence of the strong forcing amplitude. These tend to occur when the drive frequency is a fraction of the
linear natural frequency. One can see from Figure 5 that it is very easy to miss the detail of these phenomena when using
extended integration unless a very small frequency increment is used. Furthermore, when using other techniques such as
harmonic balance, a separate analytical derivation would have to be performed for each of the peaks. Using the forced
continuation approach presented here, these peaks are automatically detected and are well resolved.
3.1

Discussion

The periodic solutions that were calculated with continuation were verified using extended integration, but these calculations
took approximately an order of magnitude longer to compute. In frequency bands where multiple periodic orbits exist for
single forcing frequencies, the extended integration method will seem to settle at random on different parts of the periodic
solution curve. Extended integration has to be carefully used with the appropriate initial conditions to remain on a given
curve. For example, in Figure 3 extended integration solutions are calculated for many points at frequencies below the
resonance, but no solutions were found on the low amplitude branch between / = 1.2 and 1.65 because the initial
conditions used for each extended integration calculation were from the previous periodic orbit solution, and the procedure
was started at low frequency. This could have been remedied by starting at high frequency, but in any event the extended
integration method could not be used to calculate the unstable periodic orbits, because the system will not naturally settle on
an unstable orbit.
The accuracy of the forced continuation solutions can also be verified by calculating the maximum magnitude of each
periodic orbit for the different forcing frequencies and amplitudes. When these values are plotted versus the forcing
frequency, the result is the traditional frequency response curve in terms of the magnitude of the response. Furthermore, the
method in [24] can be used to calculate the unforced periodic solutions of the system, which should provide the backbone
curve of the nonlinear frequency response functions. Figure 6 shows the results of these calculations. The nonlinear
frequency response curves are plotted for A= 0.01, 0.1, and 1 with a blue, green, and red line, respectively. The unstable
solutions are plotted with a dashed line. The periodic solutions of the conservative system (i.e. unforced and undamped) are
plotted with the black line.

Nonlinear Frequency Response Functions

Max Displacement Amplitude

12
10
8
6

A=0.01
A=0.1
A=1

4

NNM Backbone

2
0

0

1

2

3
4
Frequency,  /

5

6

Fig. 6 Conservative System Backbone Curve and Nonlinear Frequency Response Functions for all the Forcing Amplitudes

The forced solutions in the figure track the backbone curve very accurately and the peak of each forced curve crosses the
backbone curve. The figure also shows that the frequency response functions do not scale with the magnitude of the forcing,
which increases by powers of ten; this is a distinct property of nonlinear systems.
Stability tracking is very convenient with the forced continuation algorithm. Since the Monodromy matrix is calculated as
part of the shooting procedure, it can always be used to calculate and store the eigenvalues. These eigenvalues define the
stability for each periodic orbit, so one can track the paths of the eigenvalues and quantify the amount of stability or
instability each periodic orbit as it is forced at a given frequency. Figure 7 shows the turning point that occurs in the
displacement curve near /=1.65 for forcing at A=0.1. The top plot, 7(a), shows a magnified view of the displacement
curve in the region of interest from Figure 3. For 7(b), the continuous time eigenvalues were calculated by taking the natural
logarithm of the eigenvalues from the Monodromy matrix and dividing by the corresponding period. Then, the real part of
the continuous time eigenvalue is plotted for the region of interest. In continuous time, stable eigenvalues have negative real
parts, and the curve in 7(b) clearly shows that the eigenvalues on the stable curve have essentially constant damping until
they quickly jump from stable to unstable as the turning point is crossed.
Turning Point, A=0.1, /~=1.65rad/s
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Fig. 7 Turning point near /=1.65 for A=0.1 and eigenvalue stability

4.

Application to a Nonlinear Beam

The proposed continuation technique is formulated so that it can be easily extended to higher order systems. The second
system considered for this work is a cantilever beam with a cubic spring attached to the tip and is shown schematically in
Figure 8. The coordinate, x, describes the location along the axis of the beam, y describes the transverse deflection at a given
position x, and Fd describes the harmonic external forcing function applied to the beam. The beam is assumed to have
uniform parameters: density, elastic modulus E, cross sectional area Ab, transverse moment of inertia I, and length L.

x

Fd=Asin(2ft)

, E, Ab, I, L

v

k3 y(L)2

Fig. 8 Cantilever beam with a nonlinear spring attached to the tip.

This system can be achieved in experiment [46, 47], so a model of the beam can be useful to study the periodic responses of
the experimental system under different harmonic forcing parameters. A Ritz-Galerkin approach was used to create a two
degree of freedom model for the beam where the degrees of freedom are located at the beam’s center and tip. In order to
reproduce response properties on the order of the responses from the experimental system in Sracic, 2011 #192}, the
following parameters were used in for the model: =2700 kg/m3, E=68e9 N/m2, Ab=3.23e-4 m2, I = 4.34e-9 m4, L = 1.016 m.
The equations of motion for this model were derived for a uniform, prismatic beam with these parameters and assuming
linear-elastic behavior of the beam so that all of the nonlinearity in the system is due to the nonlinear spring. Only the final
result is shown here in state space format, but the full details are provided in [46].
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(22)

The matrix    has the numerical values of the mode vectors for specific position coordinates on the beam (i.e. mode one is
column one and degree of freedom one is in row one). Using these properties with the Ritz-Galerkin method, the two linear
natural frequencies of the system were equal to f1= 9.97 Hz and f2=62.51 Hz. In the experiment, a thin strip of spring steel is
mounted between the free end of the cantilever and a fixed support and is used to create the geometric nonlinearity [46]. The
transverse stiffness contribution of this element is approximated in the model as k3=1.4764e9 N/m3.
The continuation algorithm was used to calculate the periodic solutions of the beam in the forcing frequency range from 5100 Hz and for a forcing amplitude of A=1.0 N and using a convergence criterion of =1e-6. The first periodic solution was
calculated by using extended integration on the system, which was initially at rest. Figure 9 shows the periodic solution
curves that were calculated with the continuation algorithm. Two dominant resonances are present in this bandwidth, and
those are separated into the left ((a) and (b)) and right ((c) and (d)) columns of plots. The displacements in 9 (a) are plotted
with a logarithmic scale on the ordinate. The format from the plots in the previous section is used, but here there is an
additional degree of freedom, so the displacement for the second degree of freedom is plotted in red and the velocity in black
in order to distinguish them. The stable and unstable solutions are designated as before with solid and dashed lines,
respectively. Extended integration was used to calculate periodic solutions in the frequency range and those are plotted with

the open circles. The displacement solutions of both degrees of freedom form sharp peaks in (a) that bend strongly towards
higher frequencies. The solutions for the second degree of freedom are larger in magnitude since it is located at the tip of the
cantilever which is very active when the first mode is excited. As the frequency increases, the peaks of both degrees of
freedom converge on near the same point. There is a small positive and negative peak in the low amplitude displacement
curves near 21 Hz, and the negative peak in the red curve shows as a gap due to the logarithmic scale. The solutions for the
velocity of degree of freedom one looks similar in shape to some of those for the Duffing oscillator, but the curve for the
second degree of freedom is more complicated, changing sign three times before the turning point is reached.
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The displacement solution curves for the second mode have opposite signs, as expected since the points are at the midpoint
and tip and this is a second bending mode of a cantilever beam. Both curves in (c) have a peak that bends to higher
frequencies. There is only a very small region in the curves of the second mode where the solutions are unstable. The
frequencies between 23 and 59 Hz were not shown, because all of the solutions were very flat and at low magnitude in that
region.
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Fig. 9 Initial conditions that result in periodic responses for A=1 plotted versus forcing frequency

The addition of the second degree of freedom brings a lot of new dynamics to the frequency response curves, but many of the
same features remain. The peak in the first mode bends across about 12 Hz, so the system response is highly nonlinear for
this mode. The region that contains three periodic solutions span about 7 Hz, and in that region, the stable and unstable arms
of the peaks are nearly identical in magnitude. The turning point in the peaks occurs near 22.5 Hz, and the curves of the two
degrees of freedom seem to deflect towards each other the forcing frequency approaches the turning point. The small peak
near 21 Hz in (a) is a superharmonic resonance for the second mode, as evidenced by the fact that this frequency is about a
third of the frequency where Mode 2 peaks and the fact that the displacements have opposite signs as in Mode 2. The Mode
1 velocity solution curve for the tip degree of freedom has a second loop in it, and near 22 Hz the three solutions all have
very similar values for the velocity of the tip (the location on the curve where the black line crosses three times). Since this
curve changes sign three times in the band near 22 Hz, it would be very difficult to obtain an initial guess for extended
integration in this region. The second mode is less nonlinear than the first. Except for the sign differences, the curves for
modes 1 and 2 resemble the high and low amplitude curves for the Duffing oscillator. The first mode is expected to be more
nonlinear than the second because since the effect of discrete springs generally decreases with increasing frequency. The
solutions that were calculated with extended integration agree very well with those that were calculated with the continuation
technique. As before, the extended integration performed in an upward frequency sweep so some of the solutions were
missed with that method.
4.1

Discussion

The continuation algorithm worked well to calculate the periodic solution curves of this two degree of freedom system. The
algorithm was generally written for nth-order systems, so the code was the same as that used for the previous cases. The
curves included richer dynamics than the single degree of freedom case, and the continuation captured a detailed description
of these dynamics. For the higher order system, the calculations naturally took longer than the single degree of freedom case,
but the continuation remained at least an order of magnitude faster than extended integration. The calculations can be made
faster in regions of very low response (i.e. in the flat response regions between the modes) by allowing the algorithm to

switch into a sequential arc-length continuation, where only the initial conditions for the state vector need to be corrected
after the prediction is made. This method switching was applied in this work.
The low frequency superharmonic resonances for the first mode of this beam were not calculated in this work. These
phenomena become very complicated for multi-degree-of-freedom systems such as this, especially because the dominant
frequency in the periodic orbit may be much higher than the frequency of the forcing. The gradient matrix calculations in the
continuation algorithm will be biased towards the dominant terms in the period orbit, and the algorithm has a harder time
converging on the periodic orbit solution since it will want to change the frequency to the dominant frequency. These
difficulties will be addressed in future work.
5.

Conclusions

A pseudo arc-length continuation technique was developed to calculate the periodic solutions for harmonically forced
nonlinear systems. The algorithm relies on an initial guess, and then uses a Newton-Raphson updating technique to make
corrections to the initial guess in order to converge on an actual periodic orbit solution. This can be done for a single forcing
frequency, or over an entire band of forcing frequencies. In order to calculate a curve of solutions as the forcing frequency is
varied, a tangent prediction step is calculated from the previous solution and then corrections are made to converge to the
next solution. A number of successive solutions can be joined to construct a frequency response curve for the nonlinear
system in terms of the steady state amplitudes. The algorithm is applicable to nth order systems, and by construction can
follow the path of the solutions around turning points to fully characterize the system’s dynamics. Superharmonic,
hardening, and softening resonances can all be calculated as long as those phenomena occur in the band over which the
frequency is varied. Unstable periodic solutions can also be calculated, and the eigenvalues that determine stability are
readily available for all solutions. In this work, the nonlinear frequency response functions were calculated for a single
degree of freedom Duffing oscillator at three forcing amplitudes and a two degree of freedom Galerkin representation of a
nonlinear beam at one forcing amplitude. The algorithm was able to calculate the detailed frequency response curves of both
systems, and the results were verified by integrating the equations of motion for an extended time until they reached steady
state. These numerical solutions agreed well with the results calculated with continuation, but the continuation algorithm was
at least an order of magnitude faster per periodic orbit solution. Additionally, detailed results were calculated for the
superharmonic resonances of the Duffing oscillator, and an eigenvalue migration plot was provided to show the convenience
of stability calculations with the proposed method. The nonlinear beam had highly nonlinear frequency response functions
since the geometric nonlinearity of the system was so strong, yet its frequency response curves were efficiently calculated
over a range of frequencies.
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